Quantum tomography for continuous variables is based on the symplectic transformation group acting in the phase space. A particular case of symplectic tomography is optical tomography related to the action of a special orthogonal group. In the tomographic description of spin states, the connection between special unitary and special orthogonal groups is used. We analyze the representation for spin tomography using the Cayley-Klein parameters and discuss an analog of symplectic tomography for discrete variables. We propose a representation for tomograms of discrete variables through quaternions and employ the qubit-state tomogram to illustrate the method elaborated.
Introduction
Using quantum systems as a basis for information theory and information technologies provides new interesting possibilities. As is well known, in classical computing the basic unit is a bit with two values [1] . In quantum computation, the superposition state called qubit is used, and several problems can be efficiently solved using the quantum algorithms introduced by Shor [2] . Problems related to complete characterization of quantum states and quantum processes are very important.
For example, the problem of appropriate description of quantum states both in theory and experiment is very important. The description of quantum states purely in probability terms looks like a natural generalization of the Shannon theory in a quantum domain. Recently, much attention has been paid to quantum tomography [3] - [19] . In quantum tomography, the states are described in terms of normalized nonnegative probability-distribution functions. In addition, in [3] - [12] it was shown that quantum tomograms are directly related to well-known quasiprobability distributions [20] - [24] .
On the other hand, the search for the best experimental realization of qubits is an important problem. It is remarkable that tomograms are measurable. In superconducting circuits, quantum tomograms were used for characterization of quantum states of current (voltage) in the Josephson junction [6] . In quantum optics, tomograms are measured by homodyne detection [16] - [17] . A review of the latest developments in quantum-state tomography of optical fields, including applications, was presented in [17] .. A more complicated issue is quantum process tomography [18] - [19] .
As a result, thanks to quantum tomography, we have a unified view on quantum information. The tomographic approach to quantum systems with continuous variables was developed in [3] - [4] , while different problems in this representation were considered [9-11, 13, 14, 27] . The tomographic description of systems with discrete variables was proposed in [5-8, 11, 12, 15, 26, 27] . In our work, we concentrate on the tomographic representation of quantum systems with discrete variables.
More precisely, we consider the tomographic representation for spin states, being interested in spin tomograms related to the irreducible representation of the SU(2) group, as a particular case of unitary tomograms related, respectively, to the irreducible representation of the SU(N) group. The spin tomogram, in fact, is the probability distribution function depending on parameters of the U ∈ SU(2) group [4] - [7] . In view of a natural relationship between the rotation group SO(3, R) in the three-dimensional Euclidean space R 3 and SU(2), these parameters are given by Euler angles.
In this paper, we present a rather simple and conceptual modification of the spin-tomography scheme based on the other parameterization of the SU(2) group, namely, we suggest parameterization through unit quaternions, which form a symplectic group Sp(1) related to SO(3, R) and SU(2) groups. Hypercomplex numbers as the basis for the description of spin states was introduced in [25] .. Apparently, this approach is less physically implementable but more potentially useful in numerical calculations in the case of large spin systems, e.g., in the Ising-like model. The quaternion representation of spin tomogram is an analog of symplectic tomography in the domain of discrete variables.
This paper is organized as follows. In Sec. 2, we discuss a general scheme and some grouptheoretical aspects of quantum tomography, where we review the case of continuous variables mostly based on theoretical results of [3] - [4] and experimental schemes of [16] - [17] and give a brief introduction to spin tomography with the theoretical conception of [4] - [7] and experimental implementation of [26] ). In Sec. 3, we present spin tomograms in terms of quaternion parameterization and use the qubit state as an example. We conclude with a brief summarization of our results.
Group Theory Aspects of the Quantum Tomogrpahy
Quantum states in a Hilbert space H are associated with positive Hermitian operatorsρ with unit trace Trρ = 1. Let Ω(H) be a set of quantum states in H. Quantum tomograms are given by a mapping of the elementρ ∈ Ω(H) on a parametric set of the probability distribution functions realized by the transformationρ
where m is a physical observable, G(g) is a transformation group with parametrization by g, and parametric set T {g, m} is called quantum tomogram of the stateρ m . Elements of the tomogram are marginal distribution functions. When m is continuous variable we get a scheme for continuous variables tomography [3] - [4] . There are two cases of parametrization: in the first case g is discrete, and in the second case g is continuous and given in functional form. If m is discrete we get a scheme for discrete variables tomography [4] - [7] . And we also have two cases: parametrization g is discrete (optimal schemes) or parametrization g is continuous [27] .
There are several important circumstances. First, the transformation given by G is the group transformation. Usually, G is a classical group. This is remarkable, because in this case the parameterization of the group is well known and, in addition, the group structure of transformation is important due to its known properties (this will be considered in detail further). Second, mapping (1) defines the quantization procedure and the reverse procedure in a natural way. These problems were considered for continuous and discrete variables in [10, 27] . Third, we can consider the action of G as the action of the state as well as the action of an observable. Finally, there exists a good physical interpretation -every element of the parametric set T {g, m} is a probability of observing the value m after transformation G.
Tomography of Continuos Variables
In this section we consider tomographic mapping (1) for continuous variables in more detail [3] . The key point of quantum description for continuous variables is commutation relation between canonical positionq and momentump operators. Mathematically, commutation relation is a skewsymmetric bilinear form, which analogical to Poisson bracket is classical mechanics. Thus, group G is transformation group, preserving these forms, i.e. transformation of variables is canonical.
Symplectic Tomography
Canonical transformations of the symplectic manifold on the phase space Φ are given by the Sp(2n, R) group of symplectic transformations of the phase space with dim Φ = 2n. The group Sp(2n, R) is the set of 2n × 2n matrices with standard matrix multiplication. Transformation from one set of canonical variables (q, p, t) to the other one (Q, P, t) is a canonical iff the Jacobi matrix of this transformation is the symplectic one. There exists a useful representation of the Sp(2, R) group in the matrix form Q
where the set {µ, η,μ,ή} ∈ R is a parameterization of the Sp(2, R) group matrix (2) , and the determinant of the matrix is unity. Thus, mapping (1) of the density matrix to the family of probability-distribution functions is given by the relation
where |Q, µ, η is an eigenvector of the Hermitian operator µq + ηp for the eigenvalue Q.
In integral form, relation (3) reads
where δ is the Dirac delta-function. This representation is closely connected with the Weyl and star-product quantization [11] . Recall that the Weyl symbol of the density matrix is explicitly the Wigner function connected with symplectic tomogram. The Weyl representation determined by the projective representation of the commutative translation group and relation (4) is connected with this fact.
Optical Tomography
The procedure of balanced homodyne photon detection is based on mixing of a measurable (weak) field and a strong coherent field with varying phase θ on the beam splitter. In this case, the measurable observable isQ = q cos θ + p sin θ. The angle θ could be interpreted as a rotation angle of the phase space. Therefore, our consideration of canonical transformation (2) is reduced to considering the matrix of the SO(2, R) group
This group is parameterized by θ ∈ R/2πZ.
Relations (2)- (4) for symplectic tomogram are transformed to equivalent relations for optical tomograms if µ = cos θ, η = sin θ,ή = − sin θ, andμ = cos θ. Symplectic tomograms provide a most general case of the probability-distribution function in quantum tomography. Note that the symplectic tomogram is a function of two parameters of the Sp(2, R) group parameterization, and the optical tomogram is a function of the parameter θ. Therefore, we can conclude that the symplectic tomography formalism is useful in theory but sophisticated for implementation in practice.
Tomography of Spin States
A complete diagram of discrete-variables tomography schemes in connection with different quantizaion types was suggested in [27] . In the case of a system with discrete variables, mapping (1) and the definition of the tomogram (3) are transformed to the following relation:
and the positivity and normalization of the tomogram follow directly, namely,
If the matrix U ∈ SU(2), then (6) is a general definition for spin tomogram. In the case of U ∈ SU(N), this probability representation of spin states is called unitary tomography [27] .
Spin Tomogram and the Cayley-Klein Parameters
Any matrix U ∈ SU(2) in (6) has the following form:
where α, β ∈ C are the Cayley-Klein parameters, and the following relation holds |α| 2 + |β| 2 = 1. These numbers provide the SU(2)-group parameterization. We can rewrite a pair of the CayleyKlein parameters in the form α = α 1 + iα 2 and β = β 1 + iβ 2 . As an result, we obtain
Further detailed consideration of the spin tomography scheme is based on the method of U ∈ SU(2) parameterization and using its irreducible representations. Here we can see that the tomogram is defined as a function of four real parameters: α 1 , α 2 , β 1 , and β 2 .
Spin Tomogram as Function of the Euler angles
Starting from pioneer work in the field [4] , parameterization through the Euler angles was suggested as a physically natural alternative to (9) . The use of the Euler angles is one of the ways to represent the rotation of R 3 . A more general statement is that the rotations of R 3 form a group isomorphic to SO(3). To prove this statement, consider a rotation transformation in R 3 . It is clear that rotation in the space is the transformation x = Λx of the element x = (x 1 , x 2 , x 3 ) ∈ R 3 with preservation of the Euclidean metric ||x|| and zero point (we use bold type for vectors), where Λ is an orthogonal matrix, which forms a groupO(3) under matrix multiplication. As a result of the obvious relation for the orthogonal matrix (det Λ) 2 = 1, there are two classes of rotations with det Λ = ±1. In the first case, we have a subgroup SO(3) of the group O(3).
Consider the following statement: Any matrix U ∈ SU(2) can be represented in the form
with matrices
where {θ ∈ [0; π), ϕ ∈ [0; 2π), ψ ∈ [−π; π)} are the Euler angles. To prove his statement, it is enough to show the relation between the SU(2) and SO(3) groups. The group SU(2) is locally isomorphic to the group SO(3), or equivalently, SU(2) is a double cover of SO (3) . In this way, we can consider the application of the Euler-angle parameterization for the tomography of spin states. For basis |0 and |1 we rewrite (3) in the form
Using U † z (ψ)|0 0|U z (ψ) = |0 0|, we get the following result:
where k = {0, 0, 1} and the standard rotation matrix
From the physical point of view, the spin tomogram T m is the probability to observe the spin projection m on the axis defined by the Euler angles ϕ and θ.
In view of the notation of [4, 5, 27] , the relation for reconstructing the density operator readŝ
where m = −j, −j + 1, . . . , j and
withD j mn (α, β, γ) being the Wigner function (generalized spherical function; for definition, see [5, 6, 27] ). This is inverse mapping to (1). It is worth noting that integration over the group is given by µ H (du) → S 2 dn(θ, ϕ)/4π where µ H (du) is the Haar measure. Note, that the Euler angles in direct way related to the Cayley-Klein parameters used for tomogram representation in previous section
Example: qubit state
As an illustrative example, we consider here a density operatorρ 0 for 1/2 spin particle (qubit). And density matrix of this state can be expressed via the set of three Stokes parameters S = {S x , S y , S z }:
where
are identity matrix and Pauli matrices correspondingly, we use angular brackets for standard product. Stokes parameters satisfy to inequality
and the equality holds for the pure state. For qubit state we obtain spin tomogram
The geometrical interpretation of the spin tomography scheme is presented in Fig.1a . The tomogram for the qubit state with S = {0, 0.5, 0.2} is shown in Fig.1b. 
Symplectic Spin Tomography
Now we formulate our problem. There are two groups naturally connected with quantum tomography for continuous variables: Sp(2, R) and SO(2, R). In quantum tomography for discrete variables, the connection between SU(2) and SO(3) groups is used. We are interested in the construction of spin tomography based on the connection of the SU(2) group with some symplectic group. First, we employ our mathematical intuition. The simplest Lie group is the circle S ∼ = SO(2), and extremely nice parameterization is given by the well-known Euler formula e ix = cos x + i sin x.
This relation shows that the parameterization can be understood either in terms of the group of elements of norm 1 in C [that is, the U(1) unitary group] or the imaginary subspace of C.
Another compact Lie group is the sphere S 3 ∼ = SU(2). There exists a picture completely analogous to the previous argumentation, but with C replaced by the quaternions H. We recall important issues related to quaternions. Let E be a linear space over a field C with the basis {e 0 , e 1 , e 2 , e 3 }, i.e., dim E = 4. Let us introduce in E the following multiplication rules: e 2 0 = e 0 , e 0 e i = e i e 0 = e i , e 2 i = −e 0 , e i e j = ε ijk e k , i = 1, 2, 3, where ε ijk is the Levi-Civita symbol. The elements of the obtained ring (or algebra) H are called quaternions. As follows from the definition, quaternion a = (a 0 , a 1 , a 2 , a 3 ) is a = a 0 e 0 + a 1 e 1 + a 2 e 2 + a 3 e 3 + a 4 e 4 with a 0 = 0 corresponding to the vector and quaternion a with a a 1 = a 2 = a 3 = 0 corresponding to a scalar (we use gothic type for quaternions). As a real vector space, the quaternions are spanned by the four matrices
In addition, unit quaternions form a group. This group is denoted Sp(1) since it is the first in the family of (compact) symplectic groups
It is remarkable that the Sp(1) group is isomorphic to the group SU(2).
Quaternion Representation
In terms of quaternion a, we can get a new representation for spin tomograms
where matrix U ∈ SU(2) is parameterized by unit quaternion a in the form
as well as in the case of Euler-angles parameterization (10) . This representation is similar to (6) . Moreover, the reconstruction procedure is similar to (11), as well. Consider the relation for the density operator
where we use the following transformations:
We have the same relation forD(m, n(a)) as in (11) for spin tomography (see [27] )
where we transform from D(θ, ϕ) (see, [5, 6, 27] ) to D(a) using standard relations for Euler angles
Here, the function arctan 2 is used for ϕ with the addition of 2π to negative results. The function arctan 2 (x, y) is defined as
In this case, the Haar measure reads
where B is a Borel subset of G, and da = da 0 da 1 da 2 da 3 is the Lebesgue measure in R 4 . Note that in the case of a unit quaternion, det G = a 2 0 + a 2 1 + a 2 2 + a 2 3 = 1. Directly from [15, 27] we easily obtain the relation for purity of a state
and the difference between the states ρ 1 and ρ 2 in the Hilbert-Smith metrics
where ||x|| HS is the Hilbert-Smith metric [27] . The quaternion parameters a 0 , a 1 , a 2 and a 3 are, in fact, obviously related to the Cayley-Klein parameters α 1 = a 0 , α 2 = a 3 , β 1 = a 2 , β 2 = a 4 .
The Same Example: The Qubit State
The tomogram of the qubit state reads
i.e., it is a function of three Stokes parameters {S x , S y , S z } and four quaternion parameters {a 0 , a 1 , a 2 , a 3 }. In spin tomography, the tomogram of the qubit state is a function of three Stokes parameters and two Euler angles {θ, ϕ}. Therefore, as in the case of tomography of continuous variables, we have twice more parameters. We conclude that we have constructed the representation for the spin tomogram for the qubit via the quaternion parameterization of the spin tomogram suggested above, and these relations are the main results of our work.
Topological Argumentation
We give topological arguments on the relation between SU(2), SO(3), and Sp(1) groups. The SU(2) group is topologically equivalent to the sphere S 3 in R 4 , and the group SO(3) is topologically equivalent to the space S 3 .
The spin tomography representation is topologically based on the following connection. It is clear that elements of the SU(2) group are points of the 3-sphere S 3 in R 4 , where for any pair ±U ∈ SU(2) we have diametral points on the sphere. In the case of homomorphism, these points become equivalent. Therefore, we have one of the models of RP 3 , i.e., the topological structure of the SO(3) group.
The quaternion representation is based on the simplest topological considerations. The argument is the following: The groups SU(2) and Sp(1) have explicitly the same topological structure of the 3-sphere S 3 in the R 4 space.
Algebraic Argumentation: Pauli Matrices and Quaternions
It should be noted, that algebra A(σ) of the Pauli matrices (14) is isomorphic to quaternion algebra H. The isomorphism between them is given by I = I, iσ k = e k , k = 1, 2, 3.
Therefore, the qubit state (13) is directly representable via quaternions ρ = 1 2 (I + S x σ x + S y σ y + S z σ z ) ⇔ ρ = − i 2 (e 0 + S x e 1 + S y e 2 + S z e 3 )
In this way, it does not matter how we transform the initial state to a tomographic representation, because all the tomographic representations are equivalent. In other words, we have a complete commutative diagram of transformations A(σ) ↔ H ↔ n(θ, ϕ) ↔ n(a).
Conclusion
In conclusion, we summarize the main results of our work. We discussed the group-theoretical aspects of quantum tomography of continuous and discrete variables. We presented a new scheme for spin tomograms based on quaternion parameterization of the SU(2) group. This scheme is based on a new definition for tomogram (16) and a new relation for reconstruction of the density operator (17) . We considered the relation for the purity of a state (18) and difference between states in the Hilbert-Smith metrics (19) . It should be noted that the relation is based on results adopted from [15, 27] .
Parameterization via the Euler angles does not come from a covering map of groups. At certain points, it has a problematic local behavior that is responsible for gimbal lock. An interesting and open question is how to construct the minimal scheme for symplectic spin tomograms in the spirit of the results of [27] 
